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Tie main actlvity pursued under Contract HR-841 with the

- Office of Naval Research has been devoted to a calculation of the
rate of conversion of para-hydrogen to ortho-hydrogen in the gas
phase at relatively high temperatures. The present report is in-
tended to summarize the results which have been obtained to date as
well as to indicale possible directions of future investigations,

Xt was intended, as stated in the original proposal which was
made by H. R, I, to the O0ffice of Naval Research, to calculate the
rate of the thermal para-ortho conversion of hydrogen as a subsidiary
problem in a more extensive consideration of chemical reaction kinetics,
48 1t developed, however, this particular reaction soon posed diffi-
culties that have persisted until the present, These difficulties are
partly conceptual and partly mechanical (i.e., nuserical complexity).

The essential conceptual diffiéulty has to do with the notion
of chemical gpecjeg and how to formulate the expression for the prob-
ability of chemical change occurring in a reacting system. In the

present program each molecular species has been identified by suit-

able quasi-stationary wave functions, The probability that transitions
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will occur from the reactants to tho products then is determined by
the usual time-~dependent perturbation theory of gquantum mechanics.
This formulation is not especially rigorous and additional investi-
gation along this line seems desirable., Nevertheless, the formula-
tion sesms to be reasonable and can be justified in an approximate
manner.,

The mechanical difficulties are associated with the lack of
precise information regarding the (adiabatic) interaction between
atoms and molecules, especially for small distances of approach to
one another, The way in which these quantities enter into the expres-
sion for the rate of chemical reaction makes for extremely complicated
sums and integrals, Even if the interactions between atoms and mole=
cules were known with great precision, it is doubtful if they could
be handled in the present stage of development of the theory.

The Wave Functions

In order to obtain a physicallv meaningful result for the
time rete of cnange of che probability of chemical transition, both
the initial and final wave functions associated with the transition
must correspond to physically accurate descriptions of the system. To
facilitate arriving at such wave fimections we may imagins a reacting
system as being prepared in some state which corresponds to a stationa-~y

solution of a Schroedinger?!s equation in which en asymptotic or other

-
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approximation is made to the Hamiltonian of the system. Under the

influence of the interaction (represented by the difference betwsen
the accurate and approximate Hamiltonians for the system), the wave

functions for the system will no longer resmain stationary. The

changes thet occur may be interpreted as consisting of two kinda:

(1) non-chemical changes and (2) chemical changes. The non-chemical

changes represent the usual kind of scattering in which the configura-

tional structure of the system remains unaltersd. The chemical changes,

which are of interest here, are ihose in which the configurational

structure of the system is altsred.

P Sy s

In attempting to describe in this way the changea that oc-~ :
cur in the system, it is convenient to assume that the perturbation

interaction consists of two different kinds of terms, each contribut-

ing to the kinds of change mentioned. To provids a deseription that

will emphasize the chemical changes, it seems clear that the descrip-

tion of the system, when as products or reactants, should already con-

tain the effects of non-~chemical changess. This may be accomplished

by selecting as "zero-order" wave functions either stationary or
non~-stationary solutions of Schroedinger's equation with Hamiltonians
containing the scattering, but not the chemiczl, potentlals. We
have adopted the latter course, following a procedure first intro-

duced by Weisskopf and Wigner(l) and employed subsequently by Wilaon(z).

For the elastic scattering by a central field of force, we have obtained

(1) V. Weisskopf and E. Wigner, Zeits- F. Physik., 63, 54, (1930),
65, 18, (1930).

(2) A. H. Wilson, Proc. Camb. Phil, Soc., 37, 301, (1941).




the wave fumciion describing the relative motion betweern the center

of mass of a molecule and an atonm in the form

PRH = D) 2 (amd) 1 1000 Joet /) muZti), 8
vhere
-; is the momentwr vector for relative motion of *he
oenters of mass of the molecule and the atom,
T 48 the vector distance between the centers of mass,
é}h+3 is a spherical Bessel function of order n,
is a Iagendre function of the first kind of order n,
a,(x) = [ 1+ 44 p(nx)<)m%<kr/u)irf(r),'ym%(k,/m>] -
f(Ek) is the density of free particle states per unit energy,
U/(r) 18 the central field potential betweer the molecule end
atom, to account for the elastic scatteriﬁg,
V 1s the region of normalization of the wave function,
The initial (reactant) wave function is taken to be a pro-
duct of & molecular wave function and that expressed in Eq. (1), A
similar form is adopted for the final (product) wave fimction, Ex-
plicitly, omitting the motion of the center of mass of the triatomic

system of interest here, the initial wave function for a reactant state

is taiten as (Refer to Fig. 1),

Vi o= Gl (3 -py] w@/v) r@ R, (2)




(3)

whera

By, 48 a normalized hermite orthogonal function,

!g is a normalized spherical harmonic,

Y is the momentum of relative motion between the

centers of mass of the initial distomic molecule and the
initial atom,

[, is the equilibrium distance between the atums of the
initial moleculs.

For the final (product) configuration a similar result chtains by
-

-9
replacing 5 by s ?by?, a) by ap, etc., and making the appropriate
identifications,

Ihe Reaction Probability

The average time rate of change of probability of chemical
chauge 1s taken to be the average over all initial (reactant) states

and the sum over all fingl (product) states of th2 time rate of

change of prcobabllity of tramsition. Explicitly, we have employed

the expression

= @ /8y o= /D) (K1) o= (abVy/x1) f a2 o~ (x%/2 1T
Lm

B (21) o (T/ADE(ED) =(o)y/ir) /d;e A ()

(3) See S. Golden and A. M. Peiser, J. Chem. Phys. 17, 630, (1545)
for a det?iled definition of many of the quantitieas that appear
in Eq. (2).
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where . X o] 3
-~ b N ot {
" (. =t = )5' Ty

§=2C (A,.(,I.,m,n) = fdy é(E;]_ = Ef) ¥=—XK ﬁ‘_ka l?/ [ Y; >; ,

which mey be recognized as being related to the transit:ion probability
summsd-ovef'all.aogenerate energy states, Here ' dsnolcs the per-
vurbation potential that is assumed to be responsible fir the chemical
transition
The Matrix Elements

To evaluate Eq. (3) we have been obliged to make rather
drastic approximations te the matrix elements implicit in 8 (§:K,L,
m,n). Theis approximations are twofcld: (1) the perturbation po-
tential %! is assumed to be singular at some specific configuration
of the reacting system; (2) the molecular wave functions are suf-
ficiently localized in configr.cation space to permit an additional

singular approximation to be made when integrations are performed

" over the pertinent coordinates. (One may note that in the cases

of symmetry such as obtains in ortho-para hydrogen transitions, these
approximations exclude transitions in which the vibrational state of
the products is different from that of the reactants. This approxi~-
mation was examined in some numerical detail and appeared to be quits

reasonable,)
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The first approximation amounts to evaluating aach vave

fimaetion In &

be expression 3(X,X,L,m,n) at some configuratior indi-

cated by ths natuie of the perturbation pctential # :/F",. '?.?and assuming
that

f—’ - 3 YN/ fodied
jla IHUY,) = /dn( #15,7) - v.

(4)
For simplicity, we omit the details and present the res:lt ottsined
after an integration over the orientations of the initial relative
momentum vector is carried out:
2
Z.
f:n,x S = .l.“ifj_'_”"_/izl (21 (2e)? G, (5,7) 5 (5)
B>
where
Ggp{x,¥) =

Z;(zul)’l'px(.)’f (e+d; [a, (x)] 2};% (xR, /5) Pk(s)[ (2341)12“ pj(z)>

NEEE: (z)’ $od [3 0f }zﬁé(m/m Pa(a) | (2142)°P1(5) )

and B(y) ia a function analogous to A(x), except that the general
triatomic system will raquire possibly different elastic scattering

potentials for the reactants and the products; R), Ry are the values
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of the distances betwsen the centers of mass of the atom and the mcle~
cule, viewed as reactants or products respectively, for which the per-
turbation potentisl is assumed to have its singular value. Note that
¥ is related to x through the conservation of energy in the transi-
tion,.

To carry out the computation of Ggy, 1% 1s necessary to speuify
Ry and Ry as well as the elastic scattering potentials of the reactants
and the products (which determine A(x) and B(y), respectively), To
determine the elastic scsttering potential between hydrogen atoms
and hydrogen molecules, we have estimated ths electronic energy of
interaction at various ennfiguiations of the system by means of ths
Heitler-Llondon approximation.(a) Thoseconflgurations were selacted
that resulted in expressions for the interaction energy in terms of
the ‘22 and 32a states for molecular hydrogen. It was found that
a considerable portion of those configurations which were examined

could be fitted to the form

211 - 2,11 177
V) = 2.33x10 ol ergs

where r, the distance between the centsr of mass of the molecule
and the atom, is expressed in Angstrom units, This result is quite

similar to that which has been found by Amdur, as a result of

(4) F. london, Probleme der modsrnen Physik (Sommerfeld Festschrift),
{S. Herzel, Leipzig, 1928), p. 104; ZLeits. F. Elekirochenie, 33
552(1929) .
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scatiering experiments. (5)

In the compubetions which we have made. "1 7«43 7y were taken
t¢ be ona-half the equilibrium distance between the molecular hydrogen
atoms. (We now feel that this cholice, which corresps.ds 1o a coinci-
dence of the free hydrogen atom and one of :iinc xsvociated with the
molecule, is not a very good nne end that wa:r impcrtunt sontributions
to chenical transition may come from regions farther raem.~ed, where
the wave functions are appreciably larger in magnitude.)

We have unfortunately beer unable to obtain anytling more
than tks crudest estimate of i;:. From Bq. {4), it caz be seen that

V 5 is essentially the integrated interaction enmergy in the region
assumed to be important for chemical transitions. For tie regiop whish
we have assumed % be importany, we b-vs estimated this quantity from
the ropu‘laive_~'-§n—e_._ts§y. betueeniwo hydrogen atoms. Using the repulsive
portion of the Morse curvs, e ha_v.w ‘been able to obtain the value
t/: w 2,13 x }.»'}'35 é;g- on3. Tekiuag the 32 rapulsive state of
hydrogen, and restric®ing the region of importance to aboat 0.2

Angstrom unita, 1f° = 13,1 x 10_"36 Srgs . o, Slearly, ‘5/; de—

pends atr.sgzi: "pon tha form assumad for the interaction tetwsen hy-

drogen atoms at amall distances of approach. As indicated by the

two aforementioned valuss, ths rate caloulated will change by a

factor of abeut fifty, dei)onding_ on vwhich of these values is employed,
The foregoing results may be 'iﬁcorpcrated into the expres-

sion for the rate of chemical transition and a result is obzuinod for

the mat>ix elements apart from factorsz due to the nuclear w...s fimctions.

- e A M Wm e G e M W A A e M WP Y S ap W AR Cn s Ul R . A G @ ey W s 4 ae

(5) I, Amdur, J. Chem. Phys., 11,157 (1943).
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Ihe Nuclear Wights

Because the hydrogen atoms possess nuclear spin, it Ils
necessary to take into account the matrix elements thsi involve
the anuclear wave fiaections. The nuclear wave functions that must
be used depend upon ‘he symmeiry or anti-symmetry of the rotaticeal
states of the }eactants and products, respectively. Inasmuch as the
energy states of the system are degenerate in the nuclear states,
it 15 necessary to sum over all such - ' nerate atates, in accordance
with the weight determined from the nuclear matrix elements,

We carried out the counting operation involved but omit the
details, For the transitions of para=-hydrogen to ortho-hydrogen we
find that the rate expression should be multiplied by (3/4). Simi-
lerly, a computation for transitione of ortho-deuterium to para-deu~
terium gives the factor (1/4).

Besults

We have combined the foregoing considerations and have com~
puted the rate of conversion of para-hydrogen to ortho-hydrogen at
temperatures in the vicinity of 1000°K.

With the approximations stated above, Eq. (3) for the aver-
age reaction probebility can be reduced to (numerical)quadratursse
Yor ortho-para transitions of any of the isotopes of hydrogen, we

obtain for the rate constant associated with thes rotationsl states
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K end L,
Ny = 2"’—-,7—21,,_ N, (e
w2 g£p ©
‘4:&
. ’u du (2I(+1)’}(21»1)§ gy (%3, %)
“ ceGemm e T ©)
where Ro = Avogadro's number,
u = x p /2,
v =

YP /2B, end is related to u by conservation of energy,
0" = the rotational constant for the molecule,

The overall rate constant is given by

X (cc.g.ml-lsec'l) - Z‘ kK e 0" K(%+1)/31 @)
L K

Eq. {7) must be mltiplied by a factor of 2 to take into account

ths symmetry of the molecule, and by the nuclear factor discusased
above,

At 1000°% we obtain for para-ortho hydrogen,
- -l -1
k = 0,018 x 10""‘2 cc. gemol sec
with the larger of the two vaiues of 1, given above. This result

£\
is approximately one-humdrsdth of the observed valuse, \6) The rate

o
¢f conversion at other temperatures, relative to that at 1000 K, is

{6é) A, Farkas and L. Farkas, Proc. Royal Soc., 1524, 124 (1935).

-
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plotted in Figure 2. It will be noted that the temperature coeffi-

cient leads to an apparent activation energy of 4.6 kcal/g.mol. while

the experimental data lead to a value of 6.0 kcal/g.mol.

In Figure 3, we present plots of the distribution of final
products accordirg to their rotational stats (obtained by summing the

terms in Equation (17) over all K for a fixed L). The plot presented

gives ths relative probability divided by (2I+1), the latter quantity

reprosenting the statistical weight of ths state. Thia sort of a

plot permits the ready determination of the "rotational-temperature"

of the products of reaction, which hes been indicated. It is interest-

ing to note that no very large difference is obtained between the "ro-
tational-tempereiur<® and the actusl temperature of the reaction.

Presumably this result is assocliated ith the fazt that the overall

reaction is virtually isoenergetic.

¥a havs tian able to estimate the rate of the ortho-to-para
convoreion of devterium diresctly in terms of the results for Lydrogen.
Referring to Equations (%) and (7), it will be noted that a changs

in the mass of the syatem produces a change in the exprssaion for

the average rate constant, Scme of the dependence upon the mass 1is

implicit in the: function Ggy (x,y), since the density-in-energy

/O(Ek) will depend upon the mass of the system. We have examined

this dependence and it appearas that except for very large or very

snsll energiee of relativs motionm, "n(k¥ 2 will vary inversely as




(Relative Probability)/(2I+1)

Figure 3
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the square of the mass of the system. Accordingly, since the rota-

tional constant € depends inversely on the mass of the system, we
find that the rate constant at temperature T for any isotope of hydro-

gen is epart from nuclear factors,

k (T; isotope) = (Eh_)ak(:._ T; hydrogen), (8)
- =y

vhere m and m;, are the respective masses of the isotopic atom and
the hydrogen atom.
For the ratio of the rate constants for deutarium and hydro-

gen we have obtained at 1000°K.

wyw_risfl = 0.20,
Rate (pare-to-ortho hydrogen

while Farkas and Farkas (Ref. 6) report the value 0.24.

If the approximations leading to Equation (8) are justifiable,
it follows that the apparent energies of activation for the ortho-para
reactions of the isotopic species of hydrogen should vary inversely
as the mass of the isotope. This conclusion is at variance with the
uenelly held opinicrn regarding thess quantiiies. However, a careful
examination of the existing data available for the ortho-para deuterium
conversion reveals that the data are incapable either of confirming
or denying this result. Indeed, there seem to be nc reliable data

for this reaction that will permit its apparent energy of activation
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to be determined directly, with an accuracy comparable to that which
is available for the corresponding hydrogen :eaction.
Discussion

We have indicated throughout the body of this report the na-
ture of the approximations which we have been obliged to make, and
thereby offered an indication of the lines c¢f investigation which
might profitably be undervaken in the future. The major points are
listed below.

(1) Of paramount importance to this kind of investigation
is the notion of chemical species. We feel that an investigation of
suitable and consistent criteria for identifying the reactants and
products of a chemical change is sssential, Many of the difficulties
which have baen encountered in the present investigat’on could be
avoided (formally, at least) were such criteria available. The ques-
tion of the proper wave functions to be used, for imstance, would un-
doubtedly be clarifisd considerably.

(2) The nature of interaction potentials between atoms and
molecules for small distances of approcach is a necessary adjunct to
the study of reaction rates. Here the problem appears to be of con-
siderable numerical complexity, but well-defined conceptually.

(3) Special attention should be devoted to application of
modern automatic computing machinery to evaluate sums and integrals

developed from the theory. It seems unlikely that reasonably accurste



results from a more accurate theory will be obtained unless the

numerical conputations are obtained from machines. The effort is
ton great and time consuming when the computations are done by
desk machine,

(4) Particular attention should be devoted to the design
of experiments that will furnish more elementary information on
chemical transitions. This would avoid the considerable difficulty
of averaging over the distribution of atates 6f the reactants in order
to obtain a result comparsble with conventional experimental results.
The experimental techniques employed by the physicist in similar
cases seems to be most appropriate from the theoretical point of
view.

Inasmuch as some nf the conclusions that are obtainable
from the approximats theory which we have employed lead to results
at some variance with conventicras! theories, it would be especially
helpful to test these conclusions., This would indicate, at least,

the directions to be undertaken in the nature of approximations

vhich can be made,

Mg te e
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